Eccentric steel beam-column joints could satisfy the architecture requirements flexibly. They were occasionally used in buildings such as the Huarun Group Headquarters Building (400 m) in Shenzhen, China. However, the eccentricity decreases the mechanical properties including the elastic stiffness significantly. This article focused on the analysis of the effective elastic stiffness of eccentric steel beam-column joints. First, an analytical model was proposed to calculate the effective elastic stiffness. In the model, the deformation of the joint core was divided into six components: three shear deformations and three torsion deformations. Moreover, the accuracy of the model was verified by comparison with the finite element results. A parametric analysis was performed and the critical factors influencing the elastic stiffness were obtained. Finally, the analysis of the eccentric and concentric frame systems was conducted. The periods of natural vibration, lateral displacements, story drifts and story shear forces obtained were different in the two kinds of frames, which indicated that eccentricity contribution should be carefully considered for a rational design of eccentric joints.
Introduction
Joints are critical members of steel frame structures to transfer loads between beams and columns. In practice, because of the architectural requirements, such as the 'bamboo shoots' architectural appearance of Huarun Group Headquarters Building (400 m) in Shenzhen, China, which was designed by KPF, ARUP and CCDI, the columns are required to lay outside the beams, thus forming eccentric steel joints as shown in Figure 1 . Although the eccentricity makes joints providing a functional use architecturally, it causes torsion and stress concentration, which would decrease the mechanical properties significantly.
Many experimental and theoretical studies focused on the concrete eccentric joints. Raffaelle and Wight (1995) and Teng and Zhou (2003) conducted experimental studies on the concrete eccentric joints to explore the influence of the critical factors including the beam width, beam depth, reinforcement ratio of the beam flange, shear direction and eccentricity ration. A series of design suggestions were proposed based on the experiments. Shin and LaFave (2004) , LaFave et al. (2005) and Kim and LaFave (2008) adopted the equivalent effective width to predict the loading capacity of concrete eccentric joints. Additionally, Oshida et al. (2005a Oshida et al. ( , 2005b and Wu et al. (2015) investigated the eccentric steel beam of H section to square tubular column connections. Experimental studies were conducted to investigate the bearing capacity, ductility, energy dissipation capacity and stiffness degradation. An analytical method to predict the ultimate strength with yield line theory was proposed and it was verified with the experimental data. Moreover, Tagawa (2008, 2009) conducted experimental and theoretical studies of eccentric beam to wide flange column connections of H section. Liu and Tagawa (2008) performed six loading tests to explore the elastic-plastic behaviour of the connections with eccentricity and proposed local yield strength formula for five different types of collapse mechanisms. Liu and Tagawa (2009) conducted analytical and numerical study of the panel zone strength of eccentric beam column connections with H section.
Moreover, Liu and Tagawa (2009) performed cyclic loading tests of connection models to examine the hysteresis characteristics. This article mainly focused on the eccentric steel beam to column joints with box sections as shown in Figure 1 ; however, the studies of the eccentric concrete joints, eccentric steel beam of H section to square tubular column connections and eccentric steel beam to column joints with H section could provide a valuable reference. For the eccentric steel beam to column joints with box sections, Shi and Fan (2016) and Shi et al. (2017) conducted studies on the mechanical properties including the shear forces of the joint core as well as the interaction effect between the joint core and the beam or column. Zhou et al. (2014) conducted a study of the influence of the eccentric joints on the performance of whole structures. As far as these authors are aware, the aforementioned researches mainly focused on the strength of the eccentric steel joints, whereas the stiffness has not yet been studied systematically. The accurate evaluation of the stiffness is the basis of the structural seismic design and the evaluation of the scheme rationality of the whole structural system. A component method (Faella et al., 2000; Latour et al., 2011; Weynand et al., 1995) was adopted by EC3 (EN1993-1-8:2005 to predict the rotational stiffness of concentric steel joints. However, the component method ignored the eccentric influence to the stiffness, while it could not be applied to predict the stiffness of eccentric steel joints. Thus, one should propose a method to calculate the effective stiffness of eccentric steel joints considering the torsion effect.
In this article, the force transfer mechanism analysis was conducted and an analytical model was proposed to calculate the effective stiffness. The deformation of the joint core was divided into six components: three shear deformations and three torsion deformations. The analytical model was verified by numerous finite element (FE) analysis. Based on the analysis, the effective stiffness of the eccentric joints was found approximately 0.3 times that of the concentric ones, which indicated that the torsion effect should be carefully considered. A parametric analysis was performed to obtain the critical factors influencing the stiffness. Finally, the performance of the eccentric and concentric frame systems was investigated. The knowledge obtained on the stiffness of the eccentric steel joints would be helpful for exploiting architectural advantages and diminishing mechanical deficiencies.
Analytical model for the effective elastic stiffness of the eccentric steel joints Figure 2 shows the geometric dimensions and the key plates of the eccentric joint specimen, containing the clapboards of panel zones SP 1 , SP 2 and SP 3 , the horizontal and vertical plates of core area SP bj , SP cj , the beam flanges and webs SP bf , SP bw , the column flanges and webs SP cf , SP cw . The thicknesses of the plates are t 1 , t 2 , t 3 , t bj , t cj , t bf , t bw , t cf , t cw , respectively.
Force transfer mechanism analysis
The influence of the eccentricity on the force transfer mechanism would be first investigated, because it is the basis of the analytical analysis for the effective stiffness of the eccentric steel joints. When loading V at the beam side, four load components occur in the core area as illustrated in Figure 3 , which are the shear force V b , V c transmitted by the webs and the uniform stress s b , s c at the flanges caused by the moment. The four load components would produce shear forces in the joint core.
Additionally, for the eccentric joints shown in Figure  3 (a), the centroids of the distribute force s b and shear force V c do not coincide, which would produce torsion along T y direction. The torsion along T z direction would be produced by the distribute force s c and shear force V b . Moreover, the all four load components would produce torsion along T x torsion. However, for the concentric joints shown in Figure 3 (b), the centroids of the distribute forces and shear forces all coincide, which indicates that no additional torsion occurs. Figure 3 (c) shows the force mechanism of the half eccentric steel joints, with both the characters of the eccentric joints and the concentric joints. The overlap between the beam and column makes no contribution to the torsion, while the other beam part and the column part influence the three-dimensional torsions. Thereby, the three-dimensional torsion effect is smaller than that of the eccentric joints.
In conclusion, compared with the concentric joints, three torsions occur in the joint core of eccentric joints. The existing methods for the concentric joints only consider the effect of shear forces while it could not be applied for the eccentric joints. Thereby, an analytical model has been proposed to consider both the shear forces and the three torsions, which would be helpful for the accurate calculation of the eccentric joints.
Three shear and torsion stiffnesses of the eccentric joints
An analytical model is proposed to calculate the effective stiffness of the eccentric steel joints. The deformation of eccentric joints caused by the core area is divided into six components: three shear components and three torsion components, as shown in Figure 4 .
Some assumptions are made in order to obtain the three shear and three torsion stiffnesses:
1. The specimen is symmetrical. 2. The distributed force at flanges produced by the moment is uniform. 3. The torsion angle does not occur in the clapboards. 4. The torsion is balanced by the shear, with no distortion and warping considered (Nguyen et al., 2016) . 5. The stiffnesses of the six components are uncoupled.
Three shear stiffnesses. The bottom plate SP bj is fixed, while the upper plate SP bj has a unit movement along the X direction, and a 1/h b shear angle occurs in the two side plates SP cj , as shown in Figure 4 (a). The X shear stiffness can be obtained by summarizing the X direction forces in the two side plates SP cj
The right plate SP cj is fixed, while the left plate SP cj has a unit movement along the Y direction, and a 1/h c shear angle occurs in the three clapboards SP 1 , SP 2 and SP 3 , as shown in Figure 4 (b). The Y shear stiffness can be obtained by summarizing the Y direction forces in the three clapboards SP 1 , SP 2 and SP 3
The bottom plate SP bj is fixed, while the up plate SP bj has a unit movement along the Z direction, and a 1/h b shear angle occurs in the three clapboards SP 1 , SP 2 and SP 3 , as shown in Figure 4 (c). The Z shear stiffness can be obtained by summarizing the Z direction forces in the three clapboards SP 1 , SP 2 and SP 3
Three torsion stiffnesses. When calculating the core area dimension, the thickness of the three clapboards SP 1 , SP 2 and SP 3 are ignored because of the assumption that the torsion angle does not occur in the three clapboards, as shown in equation (4)
The back clapboard SP 3 is assumed to be fixed, and the front clapboard SP 1 has a unit rotation along the TX direction. A 0.5h b /D 1 shear angle occurs in the top and bottom plates SP bj , while a 0.5h c /D 1 shear angle occurs in the right and left plates SP cj , as shown in Figure 4 (d). The shear force caused by TX torsion can be derived.
The shear force of the right and left plates SP cj
The shear force of the top and bottom plates SP bj
The torsion caused by the shear force
The TX torsion stiffness can be obtained by summing the torsions above
The bottom plate SP bj is assumed to be fixed, and the top plate SP bj has a unit rotation along the TY direction, as shown in Figure 4 (e). Equation (10) depicts the distance between the TY centroid and the back clapboard SP 3
Shear angles 
The right and left plates SP cj
The torsions caused by the shear forces
The TY rotational stiffness is determined by summing the torsions, after simplification
The right plate SP cj is assumed to be fixed, and the left plate SP cj has a unit rotation along the TZ direction, as shown in Figure 4 (f). The process to obtain the TZ torsion stiffness is the same with that of TY torsion stiffness
Loads at the core area
When loading V at the beam ends of the eccentric specimen, four load components occur in the core area, as illustrated in Figure 3 , which are the shear forces V b , V c transmitted by the webs and the uniform stress s b , s c at the flanges caused by the moment and they can produce loads of six directions at the core area.
Three shears at the core area. V x equals 0 since no load along X direction exists at the core area.
The uniform stress s c and the shear force
The uniform stress s b and the shear force V c pro-
Three torsions at the core area. The torsion at the front clapboard SP 1 is 0.5Vh c , while at the middle clapboard SP 2 , the torsion is VL b . The torsion to calculate the relative angle f x can be assumed as the average value of the two above torsions. Furthermore, the torsion at the front clapboard SP 1 can be ignored, because it is rather small when compared with the torsion at the middle clapboard SP 2 . The equivalent TX torsion
The uniform stress s b and the shear force V c produce the torsion along the TY direction.
The torsion produced by the uniform stress s b
The torsion produced by the shear force V c
The total torsion along the TY direction
The process to obtain T z is same with that of the T y . The result is depicted as following:
Deformation compositions at the beam end
Assume that the three shear deformations and the three torsion deformations of the core area, namely x, y, z, f x , f y and f z , are uncoupled and they can be obtained through equation (28 The beam end deformation caused by the core area u j is divided into four parts, which are the deformation u j 2 s caused by the three shear deformations x, y, z, the deformation u j 2 tx caused by the TX direction rotation f x , the deformation u j 2 ty caused by the TY direction rotation f y and the deformation u j 2 tz caused by the TZ direction rotation f z .
Equation (29) illustrates the calculation of deformation u j 2 s caused by the shear
Deformation u j 2 tx caused by the TX direction rotation equals the rotational angle f x of the axis plane of the core area multiplied by half the beam length. Assume that the rotational angle of the axis plane is half the total rotational angle between clapboard SP 1 and SP 3 . Equation (30) illustrates the deformation u j 2 tx at the beam end caused by the TX direction rotation
An additional shear angle f y (0.5d b + d c 2 X)/h b caused by the TY direction rotation occurs at the axis plane of the core area at the beam side. Equation (31) shows the additional deformation at the beam end
An additional movement f z (0.5d b + d c 2 X) along the Y direction caused by the TZ direction rotation occurs at the axis plane of the core area at the beam side. Equation (32) shows the additional deformation at the beam end
Equation (33) illustrates the deformation u j at the beam end caused by the core area
The total beam end deformation U is made up of three parts: the bending deformation of beam u b , the bending deformation of column u c and the deformation caused by the core area u j . The bending deformation of beam u b and column u c can be calculated by elastic mechanics
Equation (36) shows the total deformation at the beam end
The stiffness of the specimen K and the effective stiffness of the core area R j
The ratio of the load V and the total deformation U at the beam end determines the stiffness of the specimen K
The ratio of the moment M acting at the core area and the equivalent bending rotation f j determines the effective stiffness of the core area R j
Verification of the analytical model
Elastic FE analysis
A FE model is established to analyse the mechanical properties by adopting the general FE program ABAQUS 6.11. The four-node shell S4R element with 6 degrees of freedom per node is adopted to simulate the specimen. The column up and the column down are constrained to be hinged places. A compressive load is applied at the top of the column and then vertical forces are loaded at the beam ends. The elastic constitutive law is adopted here for steel, with the elastic modular E s = 2.06 3 10 5 MPa and the Poisson ratio v = 0.3. A mesh sensitivity test is conducted to determine the mesh size of 20 mm to achieve proper results with good efficiency.
To verify the proposed finite element models (FEMs), a comparison between the FE model and the experiment is performed. Figure 5(a) illustrates the details of the adopted specimens L27. Figure 5(b) shows the loading apparatus, while Figure 5 (c) depicts the FEM of the experimental specimen. One static loading case was selected, while a hydraulic jack applied an axially compressive load (F c = 1335 kN) on the top of the column, and the hydraulic rams applied static loads in vertical direction (F b = 35 kN) at the beam segments. Figure 6 shows the load-deflection curves at the beam loading point in S-Case 2. The overall trend of the two curves coincides well. According to the comparison results between the experiment and the FEMs, the FE methods are proved with good accuracy to simulate the eccentric steel beam-column joints in elastic stage.
Case verification and analysis
Case verification between the analytical models and FEMs is conducted. Table 1 shows the dimension of the cases used. Cases C-1, C-2 and C-4 are used to analyse the impact of the geometry dimension of the core area, while cases C-3, C-5;C-12 are used to analyse the impact of the key plates' thickness of the core area.
Figure 7(a) shows the stiffness comparison between analytical models and numerical models. The specimen's stiffness K of the FEM is determined by the ration of V and U obtained from the FEM. The beam end deformation u b and u c are calculated by elastic mechanics through equations (34) and (35). The deformation U minus u b and u c equals the beam end deformation u j caused by core area. The effective elastic stiffness R j of the FEM is calculated by equation (38). The analytical results coincide well with the numerical analysis results. The deviation between analytical and numerical analysis for the specimen's stiffness K is not more than 10%, while the deviation of the effective stiffness of the core area R j is not more than 20%. C-1  400  400  400  400  20  20  20  20  20  4000  4000  C-2  300  400  300  400  20  20  20  20  20  4000  4000  C-3  300  400  300  400  20  40  20  30  30  4000  4000  C-4  300  300  300  300  20  20  20  20  20  4000  4000  C-5  300  300  300  300  20  40  20  20  20  4000  4000  C-6  300  300  300  300  20  20  10  20  20  4000  4000  C-7  300  300  300  300  10  20  20  20  20  4000  4000  C-8  300  300  300  300  20  40  10  20  20  4000  4000  C-9  300  300  300  300  10  40  20  20  20  4000 u c % represent the proportion of the beam end deformation caused by the core area, beam and column, while f x %, f y % and f z % represent the proportion of the core area deformation u j caused by the T x rotation, T y rotation and T z rotation. These cases could reflect the mechanical properties of the core area well since the core area makes the largest contribution to the beam end deformation. Furthermore, the torsional deformation is the largest part of the deformation caused by the core area, and the most critical component is TX torsion. Figure 7 (c) shows the comparison of the stiffness between the eccentric and the concentric joints by analytical model. The method to calculate the stiffness of the concentric joints is the same as that of the eccentric joints, ignoring the deformation caused by the TX, TY and TZ rotations. The specimens' stiffness K of the concentric joints is approximately 1.6 times that of the eccentric joints, and the effective elastic stiffness R j is approximately 3.6 times that of the eccentric ones. In conclusion, when calculating the deformation of the eccentric joints, the influence of the eccentricity should be carefully considered, especially the influence of the TX torsion. Figure 8 (a) depicts the further verification of the analytical model by numerous numerical cases. It can be ascertained that the results of the analytical models and those of FEM coincide well, with a deviation of approximately 20%. It still satisfies the engineer's demand.
A regression-based design method is proposed for the benefit of the practicing engineers to estimate the initial stiffness. Equation (39) shows a coefficient of the stiffness between eccentric and concentric joints. Engineers could calculate the stiffness of concentric steel joints first and then revise it by multiplying the coefficient h as shown in equation (39) to obtain the stiffness of the eccentric steel joints. 
Parametric analysis and modification of model assumption
The parametric analysis is conducted based on the proposed analytical model and the FEM. For simplification, the plate thickness of beam is adopted as the same with that of column. Figure 9 (a) depicts the parametric analysis of plate thickness. Some difference occurs in thickness of plates SP 1 , SP cj and SP w between the analytical model and the FEM due to the assumptions in the theoretical model. Plates SP w , SP 2 , SP bj and SP cj have a significant influence on the stiffness obtained from the FEM. Thus, these critical plates should be carefully designed in practice in order to obtain a qualified eccentric joints. Equation (40) depicts the proposed modification factor considering the assumptions in the theoretical model. The front part of equation (40) represents the influence of the plates' thickness, while the last part of equation (40) represents the influence of geometric dimension. Figure 10 compares the results of the analytical model using the modification factors with those of the FEMs. The results coincide well with a deviation of 10%, which indicates that the modified analytical model is applicable with enough accuracy
Application of the analytical model This section will discuss the mechanical properties of the concentric and eccentric steel frame systems. The natural periods of vibration, displacements and total story shear will be compared. The concentric frame system uses the beam element to simulate the steel columns and beams while the columns intersect with the beams directly. The eccentric frame system also uses the beam elements to simulate the steel columns and beams, while the contribution of the eccentricity is modelled using the spring element (Abolmaali et al., 2009) . The rotational stiffness of the spring element is determined by the proposed analytical model. Two kinds of steel frame with regular and irregular elevation layout designated as frame A and frame B are selected. The selected frames are 10-story frames with the story height of 4 m. Figure 11 illustrates the detailed elevation layout of the two frames with the same beam and column dimensions. The earthquake is selected as level 8 and the characteristic periods of natural vibration of the ground is selected as 0.4 s as recommended by the Chinese code for seismic design of buildings (GB50010-2010 (GB50010- , 2010 . The elastic response spectrum analysis is conducted, and the complete quadratic combination (CQC) principle is adopted for the combination of different modes. The equivalent weight for calculating the earthquake action is selected as 15 ton attached to each joint.
Figure 12(a) shows the calculated periods of vibration of two kinds of frames. The 1st to 10th periods of natural vibration of the eccentric steel frames are larger than those of the concentric ones, no matter the frame is regular or irregular. The eccentricity contribution to the periods of natural vibration should be carefully considered, since it is the basis for the analysis of deformation and internal forces.
Figure 12(b) shows the lateral displacement distributions along the structural height. For the regular and irregular frames, the lateral displacements of the eccentric frame systems are larger than those of concentric ones, which indicates that eccentricity has a notable influence on the structural lateral stiffness. Figure 12 (c) compares the structural maximum story drifts due to the earthquake among the two kinds of frames. Whether the frame is regular or not, the eccentric frame system gives the larger evaluation of the story drifts compared to the concentric frame system. Figure 12 (d) compares the seismic story shear forces. The total story shear forces of the eccentric frame systems are smaller than those of the concentric ones, which could be attributed to the change of the periods of natural vibration. Figure 12 (e) gives the variations of first natural period, top displacement, maximum story drift and the base shear between eccentric and concentric frames. The natural period, top displacement and maximum story drift of eccentric frames are about 20% larger than those of concentric frames, while the base shear is about 20% smaller.
In conclusion, the periods of natural vibration, lateral displacements, story drifts and total story shear forces of eccentric frame systems are different from those of concentric ones, which indicates that the influence of eccentricity to frame systems should be carefully considered.
Conclusion
An analytical investigation of the effective elastic stiffness of the steel eccentric joints was conducted and the analytical model was verified with a satisfactory accuracy. In addition, the performance of frame systems was analysed. The following conclusions could be drawn based on the analytical analysis:
1. The analytical model had a notable accuracy in calculating the effective elastic stiffness of the eccentric steel joints after numerous numerical verifications. The critical factors influencing the elastic stiffness were obtained through parametric analysis. 2. Torsion had a significant influence on the deformation of the eccentric joints. The effective elastic stiffness of the eccentric joints was approximately 0.3 times that of the concentric ones. Thereby the eccentricity contribution to elastic stiffness should be carefully considered. 3. The investigation of eccentric and concentric frame systems was conducted. The natural periods of vibration, lateral displacements, story drifts and total story shear forces were found quite different between the two kinds of frames, which indicated that the eccentricity had a notable influence on the performance of steel frame systems.
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